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ON SOME PROPERTIES OF POLYNOMIALS. 



BY E. L. DE FOREST. 
(Continued from page 46.) 

We pass now to the consideration of that other property of polynomials 
of one variable, which was demonstrated in the Analyst for Jan., 1880, 
pp. 5 to 7. It can be treated in a more simple and general way as follows. 
Let the coefficients in the two polynomials, (17) of the present paper, be 
regarded as magnitudes placed at equal distances Ax along a straight line 
which is taken as the axis of X. If these two systems of coefficients were 
parallel forces acting as was supposed, they would have each a centre of 
parallel forces, located in the axis of X. As before, let the distances of these 
centres from the places of a and e be h x and A 2 , and let the sums of the 
coefficients in the two systems be S x and S 2 . Also let r x and r 2 be distan- 
ces such that S t rl in the first system is equal to the sum of the products 
formed by multiplying each coefficient of that system into the square of its 
distance from the centre of parallel forces, while S 2 r| has a similar signifi- 
cance in the second system. These distances, r 1 and r 2 would be the radii 
of gyration, if the coefficients in each system were the masses of material 
points attached to the imponderable axis of X, and rotating in the plane 
of XY about the centre of parallel forces. They cannot however be com- 
pletely represented as such because masses are always positive, while the 
coefficients in (17) may be either positive or negative. Still, for convenience 
of nomenclature, we will call r t and r 2 radii of gyration. 

Now according to the definition, 

V? =a hl+a 1 (h 1 -Jxf+a 2 {h 1 — 2Jxf+ . . . +a m (h 1 — mJxf, \ m 

S 2 rl =e hl +c 1 (h 2 -Axf+e 2 (h 2 -2Axf+ . . . +c„ (h 2 - nJxf. J V ' 

Expanding the binomials and arranging the terms, 

S 1 r 2 1 ==hl(a +a 1 + . . . +a m )— 2h 1 Ax(a 1 +2a 2 + • • • +ma m )"| 
-f-(zfe) 2 (l 2 «i+2 2 a 2 + . . . +w?a m ), I 

S 2 r* = hl(c +c 1 + . . . -t-c n )-2A 2 ^( Cl -t-2c 2 + . . . +no n ) f ^ > 
+{Jx)Xl t c 1 +2*c 2 +...+n > c H ). j 

Let g x and g 2 be the radii of gyration of the two systems about the pla- 
ces of their first terms, in the same sense as r 1 and r 2 are radii about the 
centres of parallel forces. Then by the definition, 

S l9 \ = (l» 0l +2 2 a 2 + . . . +m>a m ) (Jxf, 1 ,„, . 

S 2 gl = (Ve . +2 2 c . + . . . + n 2 c„ ) ( Jxf. J ^ } 
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Substituting in (30), we find with the help of (18) and (19), 

r\=9\-K, r\=g\-h\. (32) 

Now when the two polynomials (17) are multiplied together, let R and 
G be the radii of gyration of the coefficients in the product, in the same 
sense as before, about the centre of parallel forces and the first term respect- 
ively. As in (32) for the factors, so here for the product, we shall have 

R2= G 2 — H 2 , 
and taking the value of H from (20), 

jp^ GP — fa+h,)*. (33) 

The sum of all the coefficients in the product is S-^S^, and by the defini- 
tion of what we here call the radius of gyration, <S X $ 2 G 2 is equal to the 
sum of all the products formed by multiplying each coefficient into the 
square of its distance from the first term. Hence, supposing the first poly- 
nomial in (17) to be multiplied successively by the terms of the second one, 
we get 

S^G 2 = c (l 2 a 1 +2 2 a 2 + . . . +m 2 a m )(Jx) 2 

+ o 1 [l t a +Va 1 + . . . +(m+iy am ](Jxy 
+c 2 [2 2 a H-3 2 a 1 + . . . +(m+2)*a m ]{Jxf 

+ 

+c n [n 2 a + (n+iy ai + ... +{n+m) 2 a m ](Jx) 2 . 

In the last or general term, the coefficient of c n (Axf t by expansion of the 
binomials, and by virtue of (18), (19) and (31), reduces to 

Assigning to n the values 0, 1, 2, &c, in succession, we get expressions 
for the coefficients of o {Jxf, o^Jxf, &c, and thus find 
8&G* = o S 1 gl-]-c 1 8 1 lV(Jxy+2.1h 1 Jx+gl-] 

+c 2 S 1 l2\Jxf+±2h 1 Jx+gfi 

+ +c H S,[n 2 (Jxf-^2nh 1 Jx+gU, 

which we put in the form 

S 2 G 2 =gl(o +o 1 + • • • +c„) + 2/ ll zte(c 1 +2c 2 + . . . +«c„) 

+ (zfa) 2 (l 2 Cl +2 2 c 2 + ... +n 2 c n ). 
By means of (18), (19) and (31) this is reduced to 
G* = g*+gl + 2h 1 h 2 , 
which being substituted in (33), gives 

so that by (32) we have finally 

ija =f J + r>. (34) 

Thus it is proved that when two entire polynomials are multiplied 
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together, the square of the radius of gyration in the product is equal to the 
sum of the squares of the radii in the two factors, the axis of rotation being 
at the centre of parallel forces in each case. If this product is multiplied 
by a third factor, the square of the radius for the new product is equal to 
the sum of the squares of the radii for the three factors, and so on. We thus 
establish the general theorem, that if any number of polynomial factors 
having coefficients either positive or negative, are multiplied together, the 
square of the radius of gyration for the product is equal to the sum of the 
squares of the radii for all the factors, the centres of parallel forces being 
the axes of rotation. As a case under this, we have the property demon- 
strated in my previous article, that the square of the radius of gyration in 
the k power of a polynomial is k times the square of the radius for the 
polynomial itself. In the notation of that article, b' 2 (Jx) 2 and b ( £\dxf cor- 
respond to r\ and R? in the notation used here, and since the sum of the 
coefficients in each polynomial was supposed to be unity in the former de- 
monstration, b\{Axf there corresponds also to the product 8 x r\ here. By 
the mechanical analogy employed, this product answers to the moment of 
inertia of the system of coefficients whose sum is 8 X . 

Particularly interesting results are those already given at pp. 3, 8 and 22 
of my former article, where p and q are probabilities whose sum is unity, 
and the binomial p+q or p-\-qz is seen to have its centre of parallel forces 
at the distance h 1 — qAx from the place of its first term p, while the 
square of its radius of gyration about this centre is r\ = pq(Jxf. Then in 
the expansion of {p-\-q) m our theorems prove that the lever arm or distance 
of the centre of parallel forces from the first term is H = qmJx, and the 
square of the radius of gyration is R 2 = pqm(Jx) 2 . Since the coefficients 
are all positive, they may be regarded as masses, and the centre of parallel 
forces becomes their centre of gravity. Whenever qm is a whole number, 
it is known to be the rank of the greatest term in the expansion, and our 
proof that the place of this term is then fhe centre of gravity, shows that 
in a series of observations whose probabilities or frequencies are repre- 
sented by the terms of such an expansion, the most probable value of the 
observed quantity is the arithmetical mean of all the observed values.* 
Even if qm is not a whole number, the place of the arithmetical mean can- 
not deviate from the place of the greatest term so far as to reach the place 
of the next term on either side of the greatest. The propriety of adopting 
the arithmetical mean as the most probable value, is thus shown without 



*Quetelet has stated, in effect, that the arithmetical mean divides the length of the series 
in the ratio of p to q. (Lettres sur la The'orie des Probability 's, p. 181.) I am not aware 
that any writer has hitherto given a demonstration of it. 
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the aid of the assumption, usually made, that positive and negative errors 
of equal amount are equally probable. Again, R* is obtained by taking the 
sum of the products formed by multiplying each term of the expansion into 
the square of its distance from the centre of gravity, and dividing this by 
the sum of the terms, which is unity. Hence if qm is an integer, R 
is simply the quadratic (mean) error, and whether qm be an integer or 
not, R is the quadratic error in the sense that it is the square root of the 
mean of the squares of the deviations of the typical set of observations from 
their arithmetical mean. When m is made an infinity of the second order, 
and Ax becomes dx, the difference, if any, between the places of the greatest 
term and of the arithmetical mean vanishes, and we have 

R = dx\/(pqm), (35) 

a well known expression for the quadratic mean error. (Analyst, May, 
1879, p. 69.) 

Polynomials of two variables are found to have radii of gyration with 
properties analogous to those in the case of one variable. Using the same 
notation as in (22) and (23), let a horizontal and a vertical straight line be 
drawn through the centre of parallel forces, in the plane of XY, and regard 
these lines as axes of rotation for each of the two polynomials (22). First, 
let r 1 and r 2 be their radii of gyration about the horizontal axis, in the 
sense that 8^ is the sum of the products formed by multiplying each 
coefficient of the first polynomial into the square of its distance from this 
axis, and /S 2 rf in like manner for the second polynomial. Let s' 0) s' lf &c, 
be the sums of the coefficients in the first, second, &c. rows from the bottom, 
in the first polynomial, and s' ', *", &c, in like manner for the second poly- 
nomial. Then, denoting the lever arms by h^ and h 2 as before, we have 
S t r\ = S ' hl+s' 1 (h 1 -J y y+s' 2 (h 1 -2JyY+ . . . +s' n (h l -nJyf, \ (36 s 
8,rl = 8'lhl+,'Uht-4ff+a'i(h a -24,Y+ . . . ^(h.-qAyf. / l< j 
Expanding binomials and arranging the terms, 

V? =A?(»'o+«i+ • • • +s' n )-2h 1 Ay(s' 1 + 2s' 2 + 

+ (Ay)\l% + 2V 2 + . . . +nV n ), , (m 

S 2 r\ = h*M+q+ . . . +4')-2M2/K+2s 2 '+ ' """' ' l j 

+ (Jy)\Wl+2^+ . . . + 3 %')- 

The statical moments of the coefficients of the polynomials about their 

lower rows or axes of X will be as in (25), 

8 1 h 1 — (s' 1 +2s' 2 + . . . +ns'„)Jy, \ ,„„, 

8,h 2 = (s'{ + 2s^+ . . . +qs'^Jy. / < ] 

Let g x and g 2 be the radii of gyration of the two systems of coefficients 

about their lower rows, in the same sense as r t and r 2 are radii about the 

axis of rotation. Then by the definition, 
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Btfl = (IV, +2V 2 + . . . +n%)(dyf, \ . . 

8 2 g\ = (W;+2^+ . . . +qX ) (4yf. I [ ' 

Substituting the values (38) and (39) in (37), we find 

S t rl - 8 t h\ —28 l hl+S 1 gl VI = 8^1-28^1+8^1, 

rl=gl-hl rl=gl-h\. (40) 

Now when the polynomials (22) are multiplied together, let R and Q be 

the radii of gyration of the coefficients of the product, in the same sense as 

before, about its horizontal axis of rotation and its lower row respectively; 

then as in (40) for the factors, so here for the product, 

Rz = G 2 —H\ 
which by virtue of (26) becomes 

& = V-^+htf. (41) 

The sum of all the coefficients in the product is 8 X 8 2 , and according to 
our definition, the moment of inertia 8x8 2 G* is equal to the sum of all the 
products formed by multiplying each coefficient into the square of its dis- 
tance from the lower row. Hence, supposing the first polynomial in (22) 
to be multiplied successively by the first, second, third, <&c, rows of the 
second polynomial, we get 

S&G* = S ' '[lV a +2V 2 + • • . +nX^(Jyf 

+ s ' 1 '[iV +2V 1 + . . . +( n +iy s ' n -](Jyf 
+ S ' 2 '[2V +3V 1 + . . . +(n+2)X-](Jyf 

+ 

+ 4'[3 2 s'o+(9+l)V 1 + . • • +{q+nfs' n -](Jy)\ 
In the last or general term, the coefficient of s^(Ayf, by expansion of its 
binomials and by virtue of (38) and (39), reduces to 

*.(>wi)+(%r]- 

Giving to q the values 0, 1, 2, &c, in succession, we get expressions for the 
coefficients of s'^Jy) 2 , s'[{dyf, &c, and so find 

S,G 2 = s'igl+s'i[l\Jyy+2.1h 1 Jy+gU+4^(Jyf+2.2h 1 Jy+gjl i 
+ ... +s' q lq i (Jyy+2qh 1 Jy+grj, 
which may be put in the form 

8 2 Q> = gl(8'l+8'i+ . . . +0+2/4 Jy(s'l+2s'l+ . . . +<) 

+ (J 2/ ) 2 (lV 1 '+2V 2 + ...+ 9 X'), 
and by means of (38) and (39) is reduced to 

O 2 = g\ +g\+2W Substituting this in (41), 
we get B 2 = g\— h\ +g\— h\, 
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and by (40) we have finally 

R 2 = r\+r\. (42) 

Thus it appears that when any two entire polynomials in x and y are 
multiplied together, and the horizontal line through the centre of parallel 
forces is taken as an axis, the square of the radius of gyration of the co- 
efficients about this axis in the product is equal to the sum of the squares of 
the corresponding radii in the two factors. From the similar situation 
of the polynomials in the horizontal and the vertical directions, it follows 
also that if the vertical line through the centre of parallel forces is taken 
as an axis, denoting by v x and v 2 the radii of gyration about it for the two 
factors, and by V that for their product, we shall have in like manner 

V 2 = vl+v%. (43) 

The sum of the squares of the distances of any coefficient from the hori- 
zontal and vertical axes of rotation, is equal to the square of its distance 
from the centre of parallel forces. Hence, if we suppose the system of co- 
efficients to rotate in the plane of XY, about the centre of parallel forces, 
denoting by p x and p 2 the radii of gyration for the two factors, and by p 
that for their product, we shall have, by the definition, 
S lP \ = V?+VL VI = 8 2 rl+8 2 vl, S&p* = 8 1 8 2 &+S 1 8 a V 2 
p\=r\+v\, pl=r*+vl p 2 =^R 2 +V 2 , (44) 

whence by virtue of (42) and (43), 

P* = Pl+pl (45) 

This shows that the square of the radius of gyration for the product, in 
the plane of XYand about the centre of parallel forces, is equal to the sum 
of the squares of the corresponding radii for the two factors. 

The theorems here proved for the product of two factors may evidently 
be extended to that of three, four, or any number of factors, so that always, 
whether the axis of rotation is horizontal through the centre of parallel for- 
ces, or vertical through that centre, or at right angles to the intersection of 
these two and to the plane of XY, the square of the radius of gyration for 
the product will be equal to the sum of the squares of the corresponding ra- 
dii for all the factors. If the factors are equal, so that the first polynomial 
in (22) is to be raised to the k power as in (28), then, denoting the three 
radii of gyration for the polynomial by r lf v x and p lt and those of its ex- 
pansion to the h power by R, V and p, we shall have 

R 2 = kr\, V 2 = hv\, p* = kp\. (46) 

As an illustration of the foregoing properties, we will take two factors, 
the sums of their terms being 8 1 = 12 and 8 2 = 8, and whose coefficients, 
arranged as in (21), are 
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(47) 



The lever arms of the two systems about their lower rows and their left- 
hand columns are found as in (25), taking for convenience Ax and Ay as the 
units of x and y; 

12h x = 1X4+2X5 = 14, .-.h x =l, 

\2h 1 = 1X0+2X8+3X0+4X3 = 28, 
8A 2 = 1X1 + 2X2 = 5, 



8*, 



1X6+2X1 = 8, 



.*! 


= 


7 
ID 


• h 2 


= 


5 


• ^2 


= 


1, 



and these give the positions of the centres of parallel forces. The squares of 
the radii of gyration about horizontal and vertical axes through the centre 
of parallel forces are found as in (36). 

12r j = 3(|) 2 +4(if+5(f) 2 , • * • r? = |f. 



12v\ = W+0(t) 2 +8(J) 2 +0(f) 2 +3(F, 

8rJ = 5(|) 2 +l(t) 2 +2(V) 2 , 
8v£ = l(l) 2 +6(0) 2 +l(l) 2 , 



2 — 11 



l>f = 



"9"' 



r 2 4 7 



,2 = 



i- 



Now when the polynomials (47) are multiplied together, the coefficients 
of their product are as in (48), and the sum of them all is 6 1 /S' 2 = 96. 
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(48) 



To get the lever arms of this product we proceed as before : 

96i?= 1X23+2X35+3X13+4X10, .-. E- Af 

96iT= 1X6+2X9+3X48+4X11+5X18+6X3,.-. iT 
and these give the position of the centre of parallel forces. 

For the squares of the radii of gyration about horizontal and vertical ax- 
es through this centre, we have 

96i? = 15(|f f +23(if ) 2 +35(A)'+ 13(f f) 2 + 10(ff ) 2 , . • . & = £ft, 

96 7 2 = l l -y.)H6(|) 2 +9 l t) 2 +48(J) 2 +ll(|) 2 +18(f) 2 +3(|) 2 , .-. V* = |f. 



10 
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Now comparing the results for the two factors with those for their pro- 
duct, we see that 

*+! = «, and |+1 = J^, 

which are in agreement with (26) and (27) ; also that 

n+tt = Ui> and Jgl+i = n, 
which agree with (42) and (43) ; so that the calculation fully accords with 
the theory. 

Properties analogous to the foregoing can also be shown to belong to poly- 
nomials of three variables, x, y, and z. Suppose two such polynomials, the 
sums of whose coefficients are 8 1 and 8 2 , these coefficients being arranged 
in each case in the form of a rectangular parallelopiped or block, three adja- 
cent sides of which are taken as the coordinate planes ot ZX, ZY&nd XY. 
Of course any such polynomial can be put in this form, for the absent 
terms, if any, can be supposed to enter with coefficients zero. 

Let the exponents of the highest powers of x, y and z be m, n and v in 
the first polynomial, and p, q and w in the second. Then in the first one 
the number of terms lying along the edges in the three directions of X, Y 
and Z &re m+1, n+1, v+1 respectively, and in the second, p + 1, q + 1, 
tc+1 respectively. The total numbers of terms in the two are therefore 
(m+1) (n+1) (v+1), and (p+1) (q+1) (w+1). 

When the two are multiplied together, their product is a polynomial 
which, being similarly arranged, will have m + p+ 1, n + g+1, and t>+to 
+ 1 terms along its edges, the total number of terms in it will be 

(m+p+1) (n+q+1) {v+w+1), 
and the sum of all its coefficients will be $!&,. Let each of the two poly- 
nomial factors be divided into sections or slices parallel to one of the coor- 
dinate planes, for instance that of ZX, so that the exponent of y in the terms 
of the first, second, third, &c, sections shall be 0, 1, 2, Ac, respectively. 
Also let the sums of the coefficients in these sections be a' , s\, s' 2 , &c, in 
the first polynomial, and s' ', s", s' 2 , &c, in the second one. For conveni- 
ence of expression, let the product of any coefficient into its perpendicular 
distance from a plane be called its statical moment with respect to that plane, 
let its product into the square of that distance be called its moment of inertia 
with respect to the plane, and let the lever arm and the radius of gyration 
be defined in accordance with this, so that h if h 2 and If are the lever arms 
of the coefficients in the two polynomial factors and their product, with re- 
spect to the plane of ZX, while g lt g 2 and G are their radii of gyration 
with respect to that plane. Then, denoting by Ax, Ay and Az the intervals 
between the places of successive coefficients in the three co-ordinate direc- 
tions, formulas (24) and (25) will hold good for the new meaning of the 
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same symbols, and when we suppose the first polynomial to be successively 
multiplied by the first, second, &c, sections of the second one, we shall find 
by the same reasoning and formulas as before, that (26) is true in its new 
sense, that is to say, the lever arm of the product, with respect to its side in 
the plane of ZX, is equal to the sum of the lever arms of the two factors 
with respect to their sides lying in the same plane. The same is evidently 
true with respect to any other corresponding sides of the two given factors and 
their product. Hence if any number of polynomials in x, y and z are mul- 
tiplied together, the lever arm of the coefficients in the final product, with 
respect to the plane of one of its sides, is equal to the sum of the lever arms 
for all the factors with respect to their corresponding sides. So too if a 
single polynomial, whose lever arms with respect to the three coordinate 
planes are h lt k x and l lf is to be raised to the k power, the corresponding 
lever arms H, iT and L of the expansion will be equal to kh lt Jck 1 and kl 1 
respectively. If the polynomial is intersected by three planes parallel to 
the coordinate planes and at intervals from them equal to the corresponding 
lever arms, their point of common intersection may be called the centre of 
forces, and if the polynomial is raised to any power or powers, the centre 
of forces keeps always the same position, relatively to the sides of the block 
which the expansion occupies. When all the coefficients are positive, they 
may be regarded as masses, and the centre of forces becomes their centre of 
gravity. 

Passing now to the radius of gyration, the symbols retaining their new 
significance, we will also denote by r lf r 2 and B the radii for the two poly- 
nomial factors and their product, with respect to a plane parallel to the plane 
of ZX and passing through the centre of forces. We shall find that all the 
formulas from (36) to (42) hold good in their new meaning, so that R 2 is 
equal to the sum of r\ and r\. The same would evidently be true if the 
radii were taken with respect to planes through the centre of forces and 
parallel to either ZY or XY. Hence if any number of polynomials in 
x, y and z are multiplied together, the square of the radius of gyration in 
the product, taken with respect to a plane through the centre of forces and 
parallel to a side of the block which the product occupies, is equal to the 
sum of the squares of the corresponding radii for all the factors. If a 
polynomial with radius r x is raised to the k power, the square of the corres- 
ponding radius in the expansion will be kr\. 

Again, let us define the moment of inertia of a coefficient with respect to 
a point, as the product of that coefficient into the square of its distance from 
the point, and define the radius of gyration of a system of coefficients with 
respect to the point, in accordance with this. Let the radii of two poly- 
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nomial factors in x, y, z, with respect to the three coordinate planes through 
the centre of forces in each, be r lf v t and u t for the first and r 2 , v t and u 3 
for the second, and let R, V and U be the radii for their product. Also let 
the radii for the two factors and their product, with respect to the centre of 
forces in each, be p x , p s and p. The square of the distance of any coeffi- 
cient from the centre of forces, is equal to the sum of the squares of its 
distances from three coordinate planes through that centre. We have then, 
by reasoning similar to that by which (44) was obtained, 

2 2 i 2 i 2 2 2 i 2 i 3 

Pi = t-j+ej+tiy p t = r a +t, a +M„ 
But we have already found 

IP = r\+r\, V* = v\+v\, 
whence finally, 

Thus, in the product of two or any number of polynomials in x, y and z, 
the square of what we call the radius of gyration with respect to the centre 
of forces, is equal to the sum of the squares of the radii for all the factors 
with respect to their centres of forces. 

(To be concluded in No. 4.) 



p> = R*+ V*+ U\ 


(49) 


U* = u\+u>„ 


(50) 




(51) 



PARALLEL CHORDS IN AN ELLIPSE. 



BY PROF. ASAPH HALL. 

Let <p be the eccentric angle of a point on the ellipse, or its eccentric 
anomaly. The rectangular coordinates of this point are 

x = a cos <p : y == b sin f. 

Let the equation of a right line cutting the ellipse be 

y — a . x + p. 

Denote by f 1 the eccentric angle where the right line cuts the ellipse, 
and by f ia the similar angle for the opposite point in which this line meets 
the ellipse. For a second right line we use <p 2 and <p 20 . Hence we have 

bcos%(f 10 +<p 1 ) = — a.asin^(f 10 +f 1 ). etc. 

If Jj be the length of the chord from f x to ^ 10 , 

A\ = (* 10 — a;,) 2 -(- (y 10 —yif, 
or 

A\ = 4a 2 . (1 + a 2 ) . sin i( ?1 + <PiY • sin f(fi *—?i?- 
Similarly 

d\ = 4a 2 . (1 + a 2 ) . sin #<p 90 -f y> 2 ) 2 . sin }(p , — <p 2 )\ 



